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Conclusion
A method is developed to � nd the initial stabilizing low-order

output feedback dynamic compensator by using the LQG solution
for an equivalent con� guration and reducing the order. The com-
pensator found by employingan approximateLTR techniqueoffers
a design with good performance.
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I. Introduction

T HE concept of a multiprobe tether has been recently proposed
as a feasible con� guration for a mission to collect data in the

lower thermosphere.1 Such a mission would be extremely valuable
to atmospheric scientists who need to understand the cooling pro-
cesses of the lower thermosphere,which are linked to global warm-
ing of the troposphereand ozone depletion in the stratosphere.The
altitude of interest, 120–150 km, is not accessible to balloons or
satellites. The atmosphere in this region is too rare� ed for balloons
and too dense for satellites. A long tether would allow probes to be
lowered deep into the atmosphere from an orbiter positionedabove.
The multiprobe con� guration offers the opportunity to measure the
vertical gradient of the atmospheric properties under investigation.
There are also other interestingapplicationsfor long tethers, such as
wind-tunnel experiments under actual conditions and stereoscopic
remote sensing of the Earth’s surface.2

This Note treats the dynamics of a dual probe, where two probes,
close to each other, are locatedat the far end of the tether.The system
is designed to operate at the desired low altitudesand keep the tether
oscillations bounded and small. The purpose of this research is to
gain a preliminary understanding of the system dynamics suitable
for a feasibility study and to select preliminary values of param-
eters for further investigation. The guideline of the research is to

Received May 2, 1996; revision received April 18, 1997; accepted for
publication June 20, 1997. Copyright c° 1997 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Consultant, Radio and Geoastronomy Division, Mail Stop 80. Member
AIAA.

†Staff Scientist, Radio and Geoastronomy Division, Mail Stop 80. Senior
Member AIAA.

examine the in� uence of the various parameters on the system sta-
bility, assumingthat the system starts fromstableconditions(partic-
ularly, zero amplitudeand zero rate). Small perturbationsand modal
analysis techniques are applied for analyzing the linear, i.e., small
amplitude, motion. The nonlinear motion is analyzed by means of
a systematic parametric study that uses numerical simulations and
stroboscopicmapping techniques.

II. Model
The system under investigationconsists of two small probes, m1

and m2, attachedto a tether connectedto a massiveorbiterwith mass
M and orbital radius r . The tether length between the orbiter and the
� rst probe is L1 , and the length between the probes is L2. Typically
m1 D 200kg,m2 D 40–200 kg, and M D 90,000kg.Thus, the typical
value of the probe mass ratio is 0:2 · ²m · 1, where ²m D m2=m1.
The second dimensionless parameter is the length ratio, de� ned as
²L D L2=L1 . The lengthof the dual tether is about100 km (L1 CL2 ).
Because L2 typically is shorter than the local atmospheric scale
height, i.e., 5 km, ²L is a small parameter, i.e., ²L ¿ 1. The orbiter
moves in a small eccentricityorbit (e < 0:01) around the Earth at an
altitudeof 220–250 km. Therefore,although the orbitermay be con-
sidered as drag-free for the durationof the mission, the atmospheric
perturbationsare signi� cant when dealing with the dynamics of the
probes.Generallyspeaking,the system dynamics is extremely com-
plicated and requires tedious modeling and simulations. Because
this research is primarily a parametric investigation, a reasonable
model reduction must be applied to identify the characteristic dy-
namic behavior of the system. The main assumptions are that all
satellites are in a single orbital plane, the satellitesare point masses,
and the tether is inelastic and massless. These are classic assump-
tions adopted by many authors working on tethered systems.3

The desired equations for the pitch tether angles ®1 and ®2 in
terms of the true anomaly µ as the independentvariable are derived
from the Lagrangian function L D K ¡ V . The kinetic energy K
and the potential energy V are as follows:
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where V j representsthevelocityof the j massand.P/ are time deriva-
tives.Equation (2) is a resultof a small-lengthratioexpansion,where
terms of orders of magnitude f.L1=r/3 < L1 L2=r 2g ¿ .L1=r/2 are
neglected. The equations of motion derived from the Lagrangian
function are then expressed in terms of the true anomaly as follows:
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Here 1® D ®1 ¡ ®2; ®1 , and a2 are the corresponding angles be-
tween the two parts of the tether and the local vertical,r is the orbital
radius vector, . /0 are derivativeswith respect to the true anomaly µ ,
and Q j are the generalized forces.

III. Dynamic Analysis
A. Unperturbed Dynamics

Because motion with the smallest possible librations is desired,
analysis of the linear oscillations is of great importance. The linear
anomaly-dependentdynamics equations can be written in the form
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To reveal the zero-eccentricitydynamics and the � rst-order eccen-
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The eigenvalues!2
j and theeigenvectorsv j of thezeroeccentricity

system are
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Expressions (8) and (9) were expanded in small ²L up to the � rst
order of ²L . The � rst eigenvalueindicatesa frequencyslightly lower
than the single tether frequency .

p
3/. This is because in our model

the orbiter (rather than the system center of mass4) is constrained to
follow a Keplerian orbit. This assumption re� ects the real situation
in which the orbiter is controlled to follow a given orbit and not the

centerof mass of the tethered system.The � rst eigenvectorindicates
that the amplitude ratio ®1=®2 of this mode is about 1:4. Decreasing
the mass ratio will increase the amplitude ratio. The second mode
has a higher frequency that increases as the length ratio decreases.
These results are compatible with numerical simulationsof Eqs. (3)
and (4).

The second-order system reveals the effect of the eccentricity
excitation. Assuming null initial conditions and transforming the
angles by means of ® D U ´, where U is the modal matrix, the
forced response is obtained as follows:
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It is easy to see that the most likely resonance for ´1 exists for max
²m and min ²L , which satisfy the equation 2.1 C ²m / ¡ 15²m ²L D 0.
The corresponding roots are ²m D 1 and ²L D 0:26. This contra-
dicts the assumption of small ²L , which is being considered in this
analysis. For ´2 , the condition is min ²m and min ²L , which im-
plies 1 C ²m C .5²m ¡ 1/²L D 0. There are no feasible parameters
that satisfy this condition. Because the resonance curves always
start at zero eccentricity, these results exclude any possibility of
eccentricity resonance for the con� guration under investigation.

It is logical to seek a solution for the motion of the � rst probe as
an asymptotic expansion in small ²L . The procedure consists of
expanding the angles as ® j D ®
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the equationof motion, thus forming the zero (²0
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expression reveals the amplitude ratio, which is approximately4:1,
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1 satis� es the equation of motion for a single tether, as ex-
pected. The equations have been solved by applying the WKBJ
method.5;6 After carrying out the procedure, the zero-order particu-
lar solutions are
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The next order reveals a nonuniformity in the expansion because
of the presence of the

p
3 frequency in the forcing term. To elimi-

nate the resultingsecular term, a renormalization7 process is carried
out. We modi� ed the frequency ! D
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B. Atmospheric-Drag Perturbed Dynamics
For a typical atmospheric mission, the in� uence of the atmo-

sphericdrag on the tether and the probes must be taken into account,
whereas the effect on the orbiter can be neglected because of the
differenceof a few scale heights between the orbiter and the probes.
Moreover, to make the analysis manageable, we assume a spheri-
cal atmospherewith exponentialdensityvariationandconstantscale
height.The generalizedforcesdue to drag are derived from the prin-

No drag No drag

Drag (HP = 150 km) Drag (HP = 150 km)

Fig. 1 Pitch angle and bifurcation.

No drag

Drag (HP = 140 km)

No drag

Drag (HP = 140 km)

Fig. 2 Pitch amplitude vs mass ratio and length ratio.

ciple of virtual work, i.e., ±W D Qr ±r C Qµ ±µ C Q®1 ±®1 C Q®2 ±®2,
where

±W D
L1 C L2

s D 0

f .s/ ¢ ±r.s/ ds

An interesting result, skipping the mathematical manipulations, is
that the steady-statepitch ®s

j ratio in a circular orbit for small angles
satis� es the following approximation:
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where H is the scale height, CDt and CDP are the drag coef� cients
for the tether and the probes, respectively,d is the tether diameter,
and A1 and A2 are the probe frontalareas.These can be related to the
mass ratio by assuming mass-volume similarity, i.e., A2=A1 D ²

2=3
m .

This relationship indicates that the most in� uential parameters are
H=L2 and ²m . Decreasing these quantities increases the pitch angle
ratio. Generally, the dynamic response is due to the combined in� u-
ence of the drag and the eccentricity.The drag-perturbeddifferential
equations were linearized and solved by the WKBJ method. The
conclusion is that, although the drag alters the dynamics by adding
new even-periodic terms, a small drag causes a bounded motion
with no resonance.

The in� uence of the drag can be observedby plotting the bifurca-
tion of the angles with the eccentricity as the bifurcation parameter
(Fig. 1). These plots are a stroboscopicsampling of the phase plane
at each perigee passage. The initial conditions are zero so that the
plots describe the eccentricityexcitation for a variety of eccentrici-
ties. The atmosphericdrag breaks the pitch symmetry (which can be
inferred from the structure of the differential equations) and alters
the periodic solution. A possible explanation for the ampli� cation
of the drag effect at low eccentricity is its noncommensurability
with the eccentricity excitation. Also, because the perigee altitude
is kept constant,the averagedrag varies as (1¡e) and,consequently,
a circular orbit has the highest drag effect. A penetration down to
altitudes less than Hp D 130 km without any tether control system
appearsfeasible for a single-probetethered system,whereas the sta-
bility of the lowest probe in a dual-probe system is more marginal.
Figure 2 shows the roles of ²m and ²L within the attitude dynamics
of the system with and without drag. Increasing ²L increases the
amplitudes of the pitch motion, whereas ²m plays the opposite role
in the perturbed and unperturbed dynamics.

IV. Concluding Remarks
The dual-probe con� guration examined in this Note seems

suitable for reaching altitudes as low as 130 km in the Earth’s
atmosphere. A single-probe tether system is preferable for reach-
ing even lower altitudes. The dynamic behavior of the dual-probe
system is characterizedby a typical amplitude ratio of 4:1 between
the pitch angles of the lower and upper probes. This ratio becomes
larger at low altitudes when the upper tether performs small libra-
tions and the lower probe oscillates more strongly. The eccentricity
excitation results in bounded oscillations for small eccentricities.A
small length ratio is preferable, especially at low altitudes, because
the drag acting on the lower tether induces large pitch oscillations
on the lowest probe. The analytical results are comparable with nu-
merical simulationsof the equationsof motion. The release of some
simplifying assumptions by including, for example, tether � exibil-
ity and elasticity, has small effects for small librations and tethers
of suitable stiffness.2
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Nomenclature
A = tether cross-sectionarea
E = tether material Young’s modulus
f = orbit true anomaly
L = tether length
M = satellite mass
m = ballast mass
r = satellite orbit radius vector
T = tether tension
®1; ®2; ®3 = satellite roll, pitch, and yaw angles
±1; ±2 = roll and pitch control angles
µ1; µ2 = tether roll and pitch angles
¹ = gravitational constant
½ = offset of attachment point with respect to

satellite center of mass
½m = tether material density
Ä = orbital angular velocity
! = satellite angular velocity

I. Introduction

T HE restoring torque of a gravity gradient-stabilized satellite
can be enhanced signi� cantly by adding a tether.1 A possible

way to stabilizean Earth-pointingsatellite is by attaching the tether,
with a ballast at its opposite end, to the leeward side of the satellite.
A further improvement can be obtained by moving the attachment
point over a two-dimensional surface.2 This modi� cation changes
the stabilization method from passive to active. This concept may
be very attractivefor satelliteswith moderate-to-highpointingaccu-
racy requirements that could be achieved by means of a low-energy
controller.

This work presents a preliminary investigation of the stability
characteristics of a tethered satellite attitude with respect to the
local vertical. Other relevant topics analyzed are the in� uence of
orbital eccentricity and tether oscillations on the satellite dynamics
and identi� cation of possible resonances.Parameters that affect the
attitude control are the tether length, the offset between the satellite
center of mass and the attachment point, and the ballast mass. The
con� gurationunder investigationconsists of a satellite, a tether, and
a ballast mass at the opposite end of the tether. The position of the
movable tether attachment point is controlled by the stabilization
control logic. To separate the tether dynamics from the satellite
dynamics, we assume realistically that ½ ¿ L (typically ½ < 1m
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